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1. INTRODUCTION 
In this paper we shall extend certain results on topological groups to 
uniform spaces. In Section 2 we generalize a result of Gleason [2]. In Section 3 
we show that every uniformly locally compact space can be “approximated” 
by locally compact metrizable spaces. We then use the results of Section 2 to 
present a partial converse of this “approximation” result. 
We now fix our notation. If A is a subset of a set E and R is a subset of 
E x E, then we let R(A) = {y E E : (a, y) E R for some a E A}. An equiva- 
lence relation R on a topological space E is said to be open (respectively, 
compact) if R(A) is open (respectively, compact) for each open (respectively, 
compact) subset A of E. We let E[@] d enote a uniform space with uniform 
structure %. Following Weil[6], we say that a uniform space E[G!Y] is uniformly 
locally compact if % is a separated, uniform structure on E and there is an 
entourage U in 4, such that for each x E E, U(x) is compact. If E is a locally 
compact metrizable space, then ([l], IX 9.4) there is a metric d on E, com- 
patible with the topology of E, such that (E, d) is uniformly locally compact. 
I would like to thank Professor Ky Fan for his many valuable suggestions. 
2. AN EXTENSION OF A RESULT OF GLEASON 
PROPOSITION 1. Let R be an open equivalence relation on a separated 
uniform space E[%]. 8 pp u ose that there is an entourage U in Q, such that for 
eachxEE, U(x)nR( x is compact. If the quotient space E/R is locally compact ) 
then E is locally compact. 
Proof. Let T : E + E/R be the natural map. Let x, E E. Let U* be a 
compact neighborh:od yf ~xs in E/R. Choose closed entourages V, and VI in 
4 so that V, = V, , V, C V, , V,(x,) C +(U*) and V,(x) n w-l(-x) is 
compact for all x E E. We will show that V,(x,) is compact. 
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Let 9 be a filter on V,(x,). (n(F) : F E 9} is then a filterbase on U*. Since 
U* is compact and R is open, I#I # (Jpc9 T(F) C n {n( V(F)) : F E 9, V E a’>. 
Let ;r E n {T-l(rrV(F)) : F E 9, V E a}. Since x1 E &(7rVI( V,(x,,))), choose 
x2 E V,(x,) so that “x1 = ~nxa; then x2 E n {T-l(nV(F)) : F E 9, V E %}. For 
each F E 9 and V E a!, let HF, y = V(F) n +(nx,); then HF,,y n V,,(x.J f 4. 
(To see this let x E HF,YnY, C CJx,). Since x0 E fiI(x,), x E V,(x,) C V,(xJ.) 
Therefore, {HF, r n V,,(x,) : F E 9, I/ E %} is a filterbase on V,,(x,) n c1(m2). 
Since V,,(xJ n rr-l(axa) is compact, let xa E n {HF, y : F E 9, V E a}; then 
xa E nFEsFP. (To see this let F E 9, then x, E U(H,,rC U(V(F)) for 
all U, V E a, and, therefore, xa EF.) Thus, V,(x,) is compact. 
The above proposition is an immediate generalization of the following 
result of Gleason ([2]; [3], 5.25; [5], p. 52): Let H be a locally compact sub- 
group of a Hausdorff group G. If G/H is locally compact then G is locally 
compact. 
PROPOSITION 2. Let R be an open equivalence relation on a separated 
uniform space E[@]. Suppose that there is an entourage U in % such that for each 
x E E, U(x) n R(x) is compact. If there is a unaform structure 4* on E/R such 
that %* is compatible with the quotient topology on E/R, E/R[%*] is uniformly 
locally compact and the natural map rr : E + E/R is uniformly continuous, then 
E[%] is uniformly locally compact. 
Proof. Choose an entourage U* in @* such that for each x* E E/R, 
U*(x*) is compact. Choose closed entourages V, and V, in % so that 
v, = $1 ) $1 c v, ) V,,(x) n R(x) is compact for each x E E and 
V,(x) c 77-y U”(7rx)) f or each x E E. By repeating the argument given in 
Proposition 1, it follows that V,(x) is compact for each x E E. Therefore, 
E[@] is uniformly locally compact. 
3. AN ANALOCUE OF THE KAKUTANI-KODAIRA APPROXIMATION THEOREM 
FOR UNIFORM SPACES 
PROPOSITION 3. Let E[%] be a unsformly locally compact space. If (W,}? is 
a sequence of entourages in 4?‘, then there is a compact equivalence relation R on 
E and a uniform structure %* on E/R such that: 
(9 R C final W,; 
(ii) 4* is compatible with the quotient topology of E/R; 
(iii) EIR[%*] is uniformly locally compact and metrizable; 
(iv) the natural map TT : E -+ E/R is uniformly continuous. 
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Proof. Choose U,, E % so that U,,(x) is compact ,for each x E E. Let 
{I’,}; be a sequence of entourages in % such that V, C U, and for each 
n = 1, 2,..., V, is closed, V, = ?n C W, , and en+, C V, . Let R = fin,, V,, 
then R is clearly an equivalence relation on E. Let 7 : E -+ E/R be the 
natural map, and for each n = 1,2,... let 
We now show that Y* = {V,“}: forms a fundamental system of entourages 
for a separated uniform structure %* on E/R which is compatible with the 
quotient topology of E/R. 
Let A* = {(xc, 7~) E E/R x E/R : x E E}. It k, easy to see that 
A* = nnal v,* and that for each 71, A* C V,* = V,* and fiz+r C V,*. 
Therefore, v* forms a fundamental system of entourages for a separated 
uniform structure @* on E/R. 
Let 3 be the quotient topology of E/R and let $* be the topology on E/R 
determined by the uniform structure a*. Since 
4 Vn+,(xN c I/,*,1(4 c  Vn(xN for all XGE 
and all n, (1) 
n is $* continuous. Therefore, $* C 2. Now we show that 3 C $*. Let 
6 be a nonempty 3 open subset of E/R. Let x E E and suppose TX E 0. 
By (1) it suffices to show that V,(x) C n-l( 0) for some 12. Suppose 
V,(x) $ &(I?) for all n, then {Vn(x)\wl(l?) : n = 1, 2,...} is a filter- 
base of closed subsets of U,,(x). Since U,,(x) is compact, there is a 
~a,~ V,(x)\+( I?). Since (x, y) E fin,, V, = R, rry = TX E 0. This 
contradicts the fact that y # r-r( 0). Therefore, 3 = f* and @* is com- 
patible with the quotient topology of E/R. 
By (1) above it follows that E/R[%*] is uniformly locally compact. It is 
obvious that E/R[@*] is metrizable and that the natural map m : E -+ E/R 
is uniformly continuous. To complete the proof, we need only show that the 
equivalence relation R is compact. Since R(F) C VI(F) for each F C E, it suf- 
fices to show that for each compact set F in E, R(F) is closed and VI(F) is 
compact. 
Let F be a compact subset of E. Let x E R(F) = n-l(nF), then 
x E Vn+l(~x-l(~F)) for all n. Therefore, we can choose a sequence (x,}: in 
r-‘(rF) and a sequence (y,>r in F so that for each n, (x, , x) E V,,, and 
TX, = 7ryn . Since each (yn , x,) E R C V,,, , 
2 
(Yn ,4 E vn,, for all n. (2) 
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Let y be an adherent point of the sequence {y,} in F. For each c, choose 
K, 3 n + 1 so that (y, ylc,) E V,,, . By (2) it follows that (y, x) E V,,, C V, 
for all n. Thus (y, x) E n,,, V, = R and x E R(y) C R(F). Therefore, R(F) 
is closed. To see that V,(F) is compact, choose y1 ,..., yn E E so that 
F C V,(YI> ” ... u V,(y,); then 
V,(F) c k(Yl) ” ... ” k’l(Yn) c UdYl) ” *+- ” WYn> 
and V,(F) is compact. 
Remark. Proposition 2 yields the following partial converse of Proposi- 
tion 3: Let R be a compact, open equivalence relation on a separated uniform 
space E[&]. If th ere is a uniform structure %* on E/R, such that 4* is compatible 
with the quotient topology on E/R, E/R[%*] is uniformly locally compact and 
the natural map rr : E + E/R is uniformly continuous, then E[9] is uniformly 
locally compact. 
We now prove an interesting consequence of Proposition 3. 
PROPOSITION 4. Let E[@] be a uniform& locally compact space. Let 
f : E + F be a function from E into a metric space (F, d). If there is an increasing 
sequence {E,}: of subsets of E such that E = Unal E, and, for each n, f 1 E,, 
is uniformly continuous, then there is a compact equivalence relation R on E, 
such that f is constant on each equivalence class and E/R is locally compact and 
metrixable. 
Proof. For each n, choose W, E % so that d( f (x), f (y)) < l/n, whenever 
(x, y) E W,, n (E, x E,). By Proposition 3 there is a compact equivalence 
relation R on E such that R C fin,, W, and E/R is locally compact and 
metrizable. Let (x, y) E R and choose N so that x, y E EN , then 
d(fM,f(r>> < 1/ n f or all n > N. Therefore, f(x) = f (y) and f is constant 
on each equivalence class. 
Note that the existence of a sequence {E,} of subsets of E, satisfying the 
conditions in Proposition 4, is assured, when f is uniformly continuous on E 
or when f is continuous on E and E is cr compact. Moreover, if (in Proposi- 
tion 4) f is replaced by a sequence (f%} of functions from E into F and {E,} 
is replaced by a double sequence (E,,k} of subsets of E such that, for each 
fixed n, {En,J& is an increasing sequence of subsets of E such that 
E=(J kal E,,, and fn 1 En,k is uniformly continuous, then R may be chosen 
so that each fk is constant on each equivalence class (cf. [5] p. 61). 
Proposition 3 is a uniform space analogue of the following result of Kakutani 
and Kodaira ([3], 8.7; [4]; [5], p. 58): If G is a compactly generated, locally 
compact Hausdorfl group and sf ( W,): is a sequence of neighborhoods of the 
identity in G, then there is a compact normal subgroup N of G such that 
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NC flTGX1 W,, and G/N is locally compact, separable and metrizabb. A modifi- 
cation of the proof of Proposition 3 will yield a proof of the Kaputani-Kodaira 
result. 
Proposition 4 is a uniform space analogue of the following known result 
([5], p. 60): Let G be a compactly generated, locally compact Hausdorff group. 
Let E be a separable metric space. If f : G + E is a continuous function, then G 
has a compact normal subgroup N such that f is constant on each coset of N and 
G/N is locally compact, separable and metrizable. A modification of the proof 
of Proposition 4 will yield a proof of this result. When this is done, one notices 
that this result on topological groups remains valid if the assumption, that 
the metric space E be separable, is deleted. 
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